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Maximum shear stress theory, also called the ‘Third Strength Theory’, is a classical theory used to predict
the failure of common metal, but it cannot be used directly to predict sheet metal failure due to anisot-
ropy and the loading path. Therefore, this paper proposes a maximum shear stress calculating method,
which has been named ‘‘shear failure criterion” for the purpose of this paper. In order to validate the
shear failure criterion, a general program was developed, and two typical materials, steel, and aluminum
alloy, were used to study the new shear failure criterion in this study. The two materials were modeled by
advanced constitutive models, including Hill1948 and Yld2000-2d yield functions and several types of
isotropic hardening models. Experimental validation has indicated the accuracy of predicted FLD using
shear failure criterion, which is able to provide a new alternative method to numerically predict FLD.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
The demand for energy conservation has led the automotive
industry to look for new materials and plastic forming methods
to reduce the weight of vehicle body structures. In order to explore
the new forming process of the metal sheets, a fundamental under-
standing of the forming limit of the sheet metal is necessary. One
of the important methods for doing this is to use the Keeler–Good-
win approach. The Keeler–Goodwin approach (Keeler and Backho-
fen, 1963; Goodwin, 1968), which can also be called the forming
limit diagram (FLD), has been the predominant method of estimat-
ing the forming limit of sheet metal for many years in the sheet
metal forming industry.
The FLD can be achieved before the onset of local necking. The
commonly used necking models are the Swift diffuse criterion
(Swift, 1952) and the Hill local criterion (Hill, 1952). The Swift dif-
fuse criterion was derived by assuming there is a maximum loading
force and the Hill localization criterion is obtained by assuming
there is a maximum principal stress. Another well-knownmethodol-
ogy is the geometric imperfection model proposed by Marciniak
and Kuczynski (1967, 1973), which is referred to as theM–Kmodel.
These models are used extensively in sheet metal FLD prediction.
An alternative to the above-mentioned predicting methods is
proposed by the assumption that there is a maximum shear stress
in one special plane. A classical framework for the shear failure cri-
terion of plastic deformation was presented by Rice (1976). Based
on this, the following theory was engaged in this paper. If the shear
stress is greater than a critical one,ll rights reserved.
han).sP scr; ð1Þ
the material will have necking failure. There is a classical calcula-
tion formula for the maximum shear stress,
s ¼ 1
2
ðr1  r3Þ; ð2Þ
where r1 and r3 are the ﬁrst and third principal stress, respectively.
This theory is also called ‘‘Maximum Shear Stress Theory” or
‘‘Third Strength Theory”. But Eq. (2) is not reasonable under sheet
metal forming conditions due to anisotropy and the strain ratio,
which is deﬁned in the Section 2.2. The angle of maximum shear
plane to the direction of maximum principal strain direction will
not always be 30 due to anisotropy and the strain ratio. In order
to use the theory to predict the sheet forming limit, an alternative
calculating method should be explored. In 1983, an alternative
shear failure theory was proposed and a novel formula, used to cal-
culate the maximum shear stress, was derived by Bressan and Wil-
liams (1983). However, the Bressan–Williams model can only be
used to calculate the right region of FLD, as they did in their origi-
nal paper.
The analysis of the maximum shear stress will be discussed in
this paper, and the paper is organized as follows. In Section 2, a
new calculating method for maximum shear stress is proposed,
which can be used to calculate both right and left regions of FLD.
This has been named as ‘shear failure criterion’ for the purpose
of the present work. In order to validate the shear failure criterion,
two yield functions and several isotropic hardening models were
adopted, and these are presented in the 3rd section. In the 4th sec-
tion, a general program was written with stress updating algo-
rithm; one steel material and two aluminum alloy sheets were
engaged to validate the failure model, and ﬁnally the FLD analysis,
Fig. 1. The deﬁnition of two angles in 1–2–3 coordinate.
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to the experimental results. Several conclusions are given in the
last section.
2. Theoretical background of shear failure criterion
From the point of crystal plastic theory, polycrystalline material
can be deformed because of the existence of slip planes and slip
lines, such as FCC or BCC materials. This deformation mode can
be named as shear deformation. If the shear stress of the slip plane
is greater than the critical one in the forming process, the metal
will fail, either due to instability or necking. It meets the physical
background of plastic deformation if assuming maximum shear
stress as a failure criterion in the macroscopic level. Therefore
the following part would derive the maximum shear stress calcu-
lating equations only with the phenomenological plastic theory.
2.1. Shear failure criterion for metal necking
As discussed above, shear failure will occur in one special shear
plane duo to any point in the deformation metal. The stress state
can be written as,
r ¼
r11 r12 r13
r21 r22 r23
r31 r32 r33
2
64
3
75: ð3Þ
This study was concerned with the state of stress in one partic-
ular plane, so the directional cosines for the normal of such plane
were given by n1, n2 and n3, and it can be shown that the normal
stress on the plane is given by
rn ¼ r11n21 þ r22n22 þ r33n23 þ r12n1n2 þ r13n1n2 þ r23n3n2; ð4Þ
and the net shear stress on that plane iss ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðr11n1 þ r12n2 þ r13n3Þ2 þ ðr21n1 þ r22n2 þ r23n3Þ2 þ ðr31n1 þ r32n2 þ r33n3Þ2  r2n
q
: ð5ÞFor the plastic forming process, the critical shear stress is
dependent on the plastic strain increment. Herein the shear stress
s on a special plane can be obtained if
sP scr; ð6Þ
the material fails. The most important part of the method is to
determine directional cosines of the special shear plane, which will
be discussed in the next subsection.
2.2. Determination of directional cosines of the special shear plane
Herein two angles (u,h) are used to deﬁne the maximum shear
stress plane, as shown in Fig. 1. And then the directional cosines of
pure shear plane can be written as,
n1 ¼ cos h sinu; n2 ¼ cosu; n3 ¼ sin h sinu: ð7Þ
Then the next step is that how to calculate two angles (h,u). For
the calculation of FLD in the proportional deformation condition,
the ratio (b) is deﬁned as
b  de2=de1; ð8Þ
and its value ranges from 0.5 to 1. Therefore the magnitude of de2
is to decide which plane is the pure shear stress one. In the plane
stress and principal stress space condition, Eq. (3) can be written as,r ¼
r11 0 0
0 r22 0
0 0 0
2
64
3
75: ð1:aÞ
There would exist two cases of shear failure plane in the plane-
stress condition for numerical magnitude of de2.
Condition 1: de2P 0.
The maximum shear stress occurs in 1–3 plane, as drawn in
Fig. 2(a). Herein the number 1 represents the direction of maxi-
mum principal stress; 2 represents the direction of second princi-
pal stress, and 3 represents the direction of thickness. Here the u is
equal to p/2. And then the following equation can be given,ðn1;n2;n3Þ ¼ ðcos h;0; sin hÞ ð9ÞAnd the shear stress s can be given in the plane-stress condition by
the Eq. (5),s ¼ r11
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n21  n41
q
¼ 1
2
r11 sin 2h ð10Þ
And h can be calculated by the equation
De1 cos2 hþ De3 sin2 h ¼ 0: ð11Þ
Therefore h is given by,
tan2 h ¼ De1
De3
ð12Þ
And the Eq. (12) can be also written as
2h ¼ acosððDe1 þ De3Þ=ðDe1  De3ÞÞ: ð13Þ
The calculating methods of 2h can be explained by the Mohr circle,
as drawn in Fig. 2(2) (Bressan and Williams, 1983). If s > scr, there is
shear failure. This calculation method was ﬁrst proposed by Bressan
and Williams (1983). Recently Alsos et al. (2008) combined the
Bressan–Williams model and Hill’s local necking criterion to calcu-
late both right and left regions of FLD, and this method was em-
ployed later by Hogstrom et al. (2009).
Condition 2: de2 < 0.
The maximum shear stress occurs in such a plane, as drawn in
Fig. 3. The maximum shear stress is,
s ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r11 n21  n41
 þ r22 n22  n42  2r11r22n21n22
q
: ð14Þ
Fig. 2. Shear failure through thickness direction and Mohr cycle (de2P 0).
Fig. 3. Shear failure in the de2 < 0 condition.
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such a plane should be determined. The directional cosines for the
normal of such a plane are given by,
ðn1;n2;n3Þ ¼ ðcos h sinu; cosu; sin h sinuÞ ð15Þ
And then the ‘‘length” of the projection of normal line in 1-axial is
coshsinu, and the ‘‘length” in 2-axial is cosu, and the ‘‘length” in 3-
axial is sinucosh.
Therefore the directional cosine in 1–2 plane is
cosuﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos2uþ cos2 h sin2u
q ; cos h sinuﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos2uþ cos2 h sin2u
q
0
B@
1
CA ð16Þ
and the directional of projection in 1–3 plane is
cos h sinuﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcos h sinuÞ2 þ ðsin h sinuÞ2
q ; sin h sinuﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðcos h sinuÞ2 þ sin h sinuð Þ2
q
0
B@
1
CA
¼ ðcos h; sin hÞ:
ð17Þ
The maximum shear stress accompanies the maximum shear
strain, and then two following equations must be satisﬁed (Hill,
2001),
(1) in 1–2 plane,De1
cos2u
cos2uþcos2hsin2u
þDe2 cos
2hsin2u
cos2uþcos2hsin2u
¼0: ð18Þ(2) in 1–3 plane,De1ðcos hÞ2 þ De3ðsin hÞ2 ¼ 0: ð19Þ
Therefore u and h is given by,tan2u ¼ De1
D~e2
; tan2 h ¼ De1
De3
: ð20Þ
Here
D~e2 ¼  De3De1  De3 De2: ð21Þ
Eq. (20) also can be written as
2u ¼ acosððDe1 þ D~e2Þ=ðDe1  D~e2ÞÞ ð22Þ
and
2h ¼ acosððDe1 þ De3Þ=ðDe1  De3ÞÞ: ð23Þ
Due to three dimensional property of the shear failure in the
Condition 2, the calculating forms of two angles (h,u), the Eqs.
(22) and (23) cannot be obtained using the Mohr cycle with Eq.
(21), which is different from the Condition 1.
3. Elastic–plastic constitutive models
To obtain maximum shear stress at any point in one deforma-
tion body, the rigid-plastic constitutive model is not appropriate
and the elastic–plastic one should be adopted. Since sheet metal
Fig. 4. Flow chart of FLD calculation program.
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considered.
3.1. Basic equation
Assuming additive decomposition of the strain increment, the
strain increment is decomposed into an elastic part and a plastic
part along with the increment form of Hooke’s law of linear
elasticity
De ¼ Dee þ Dep; Dr ¼ D : ðDe DepÞ; ð24Þ
here D is the elastic stiffness tensor and for the plane-stress condi-
tion is written as,
D ¼ E
1 v2
1 v 0
v 1 0
0 0 ð1 vÞ=2
2
64
3
75; ð25Þ
where E is the Young’s modulus and v is the Poisson’s ratio. For the
sake of numerical implementation, stress increment and strain
increment tensors can be stored in vector form and can be written:
Dr ¼ fr11;r22;r12gT; De ¼ fe11; e22;2e12gT: ð26Þ
Based on the volume invariance principle andDr33 = 0, the
thickness strain increment e33 is calculated by the equation,
De33 ¼ Dee33 þ Dep33 ¼ 
v
E
ðDr11 þ Dr22Þ  ðDep11 þ Dep22Þ: ð27Þ
In the present paper isotropic elasticity is assumed along with
plastic orthotropy. The yield criterion, or plastic potential can be
written in a general form as,
U ¼ rðrÞ  r0ðepÞ 6 0; and ep ¼
Z
Dep; ð28Þ
where rðrÞ is the equivalent stress and can be calculated by one
yield function; r0ðepÞ is the isotropic hardening model.
The associated ﬂow rule is used to determine the plastic part of
the strain increment,
Dep ¼ dk @U
@r
: ð29Þ
Using the principle of plastic work equivalence for the incre-
mental deformation theory
dw ¼ dr : dep ¼ dr  dep; ð30Þ
with constraint of the plastic potential to ﬁrst-order homogeneous
functions (29), Euler’s following identity applies
dr :
@rðdrÞ
@r
¼ dr: ð31Þ
Therefore the following equation can be given,
dk ¼ dep: ð32ÞTable 1
Plastic properties of the steel HC220YD.
Orientation () Steel HC220YDa
Young’s modulus
(GPa)
Poisson’s
ratio
Y R-value
0 210 0.30 1.0000 1.2800
45 0.9560 2.0800
90 1.0050 1.8600
Biaxial tension 1.1340 1.0000b
a The experimental data was taken from paper Volk et al. (2008).
b The value is assumed.3.2. Yield function for sheet metals
In this study, the Hill 1948 yield function (Hill, 1948) and
Yld2000-2d (Barlat et al., 2003) were employed to describe the
yield loci, and two isotropic hardening models were considered.
3.2.1. Hill 1948 yield function
The Hill 1948 yield function (Hill, 1948), which can be used to
model the anisotropic sheet metal, is the ﬁrst one proposed by Hill,
and can be written as in the plane-stress condition,
r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
r : M : r
r
: ð33ÞHere r = [r11, r22,r12]
M ¼
F þ H H 0
H Gþ H 0
0 0 N
2
64
3
75; ð34Þ
and F, G, H, and N are the parameters of Hill 1948 yield function and
can be calculated by two methods. One method is to calculate by
Table 2
Yld2000-2d yield locus coefﬁcients for the steel HC220YD.
a1 a2 a3 a4 a5 a6 a7 a8
HC220YDa 1.1196 1.1196 0.8753 0.9084 0.9382 0.6972 0.0878 1.1080
a The experimental data was taken from paper Volk et al. (2008).
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chi (1996),
F ¼ r0
r90ðr0 þ 1Þ ; G ¼
1
r0 þ 1 ; H ¼
r0
r0 þ 1 ;
N ¼ ðr0 þ r90Þðr45 þ 0:5Þ
r90ðr0 þ 1Þ ; ð35Þ
here ru is Lankford parameter, and its deﬁnition is given by
ru ¼ dep22=dep33. u = {0, 45, 90}, the deﬁnition of u would be given
later.
The other method is to calculate with the initial yield stresses
Yu (u = {0,45,90}) and Yb, also called the stress-based method,
and can be written as (Cazacu and Barlat, 2001) shown,
F ¼ v290  1þ v2b ; G ¼ 1 v290 þ v2b ;
H ¼ 1þ v290  v2b ; N ¼ v245  v2b : ð36Þ
Here vu is given by,Fig. 5. Predicted yield surfaces for steel HC220YD. (a) Hill1948 yield function with r
comparison of the predicted yield surface loci.vu ¼ Yu=Y0: ð37Þ
The u ¼ 0;45;90f g is the orientation angle of the tensile test
specimen’s longitudinal axis relative to the original rolling direc-
tion. Lankford parameter (ru) is obtained by a uniaxial tensile test
when the equivalent plastic strain is equal to the speciﬁed magni-
tude, which is dependent on material property, such as steel is 0.05
and aluminum alloy can be 0.005, and Yu is the initial yield uniaxial
stress with the same testing method. The Yb is biaxial yield stress
obtained by a biaxial tensile test, i.e. bulging test. Therefore the Hill
1948 yield function can be deemed as two functions since its coef-
ﬁcient was calculated by those two methods.
3.2.2. Yld2000-2d yield function
The yield function considered in this subsection is frequently
called ‘Yld2000-2d’ and was developed by Barlat et al. (2003).
The yield function can be written as
rm ¼ /1 þ /2; ð38Þ-value, (b) Hill1948 yield function with Y, (c) Yld2000-2d yield function and (d)
Fig. 6. Predicted FLD for steel by using the shear failure criterion (‘Log.’ means
‘Logarithmic’).
Table 3
Hardening models for the three aluminum alloys.
Ghosh Hockett–Sherby
A e0 n C A B C n
AA5182a 507.7 0.005 0.280 0.00 380.0 130.3 6.870 0.91
AA6016-T4b 417.854 0.010 0.245 0.00 318.1 127.0 8.706 1.00
AA6111-T4c 503.7 0.010 0.233 0.00 378.7 165.9 9.370 1.00
a The experimental data was taken from paper Volk et al. (2008).
b The experimental data was taken from paper Butuc et al. (2003).
c The experimental data was taken from paper Hill (2001), Kim et al. (2010).
Table 4
Experimental anisotropy data for AA5182, AA6016-T4, and AA6111-T4.
Orientation () AA5182a AA6016-T4b AA6111-T4c
Y R-value Y R-value Y R-value
0 1.0000 1.0000 1.0000 0.91 1.0000 0.8030
45 0.9610 1.0000 1.0000 0.68 0.9930 0.5490
90 0.9650 0.8980 0.8980 0.83 0.9700 0.5300
Biaxial tension 1.1026 1.0000d 0.9720 1.20 1.0110 1.3600
a The experimental data was taken from paper (Volk et al., 2008).
b The experimental data was taken from paper (Butuc et al., 2003).
c The experimental data was taken from paper (Chung et al., 2010).
d The value is assumed.
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/1 ¼ s01  s02
 m; /2 ¼ s001 þ 2s002 m þ 2s001 þ s002 m: ð39Þ
In Eq. (39), s0i and s
00
i i ¼ 1;2ð Þ is the principal value of s0 and s00,
which are deﬁned by two linear transformations,Table 5
Anisotropic coefﬁcients of Yld2000-2d for AA5182, AA6016-T4, and AA6111-T4.
a1 a2 a3 a4
AA5182a 0.9598 1.0389 0.8794 1.01
AA6016-T4 0.9030 1.1308 0.8872 1.08
AA6111-T4 0.9987 0.9464 0.9269 1.03
a The data was taken from paper Volk et al. (2008).s0 ¼ C0s ¼ C0Tr ¼ L0r; ð40Þ
s00 ¼ C00Ts ¼ L00r: ð41Þ
The two associated linear transformations are,
L0 ¼
L011 L
0
12 0
L021 L
0
22 0
0 0 L066
2
64
3
75; L00 ¼
L0011 L
00
12 0
L0021 L
00
22 0
0 0 L0066
2
64
3
75: ð42Þ
The L0ij and L
00
ij can be calculated by,
L011
L012
L021
L022
L066
2
6666664
3
7777775
¼
2=3 0 0
1=3 0 0
0 1=3 0
0 2=3 0
0 0 2=3
2
6666664
3
7777775
a1
a2
a7
2
64
3
75;
L0011
L0012
L0021
L0022
L0066
2
6666664
3
7777775
¼ 1
9
2 2 8 2 0
1 4 4 1 0
4 4 4 1 0
2 8 2 2 0
0 0 0 0 9
2
6666664
3
7777775
a3
a4
a5
a6
a8
2
6666664
3
7777775
; ð43Þ
where ai (for i = 1–8) is the independent coefﬁcients.
If ai (for i = 1–8) reduce to 1 in isotropic case, Yld2000-2d
yield function is the Mises yield function. The independent coef-
ﬁcients ai (for i = 1–8) can be calculated by ru, vu (u = {0, 45,
90}) and vb.3.2.3. Isotropic hardening models
In this study, two isotropic hardening models were employed,
namely,
(1) Ghosh hardening model24
95
93ðr0ðepÞÞG ¼ Aðe0 þ epÞn  C; ð44Þwhere A; e0 and C are parameters, can be deﬁned by a simple ten-
sion experiment. If C = 0, the Ghosh hardening model is reduced
to the Swift one.
(2) Hockett–Sherby hardening modelðr0ðepÞÞH ¼ A ðA BÞ expðCðepÞnÞ; ð45Þwhere A, B, C and n are material parameters. If n is equal to 1, the
Hockett–Sherby hardening model becomes the Voce one.
4. Results and discussion
In order to verify the proposed shear failure criterion for the FLC
prediction, one type of steel, HC220YD, and three types of alumi-
num alloy sheet materials, AA5184, AA6016-T4, and AA 6111-T4,
were studied, and are described in this section. Only the propor-
tional deformation mode is considered here.a5 a6 a7 a8
0.9968 0.9493 0.9924 1.1791
1.0270 1.0519 0.9337 1.0606
0.9958 0.9337 0.9509 1.1058
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criterion
In order to use the shear failure criterion, a general program for
predicting FLD was developed, the ﬂow chart being illustrated in
Fig. 4. The stress updating algorithm can be found in the paper
(Yoon et al., 1999).
If the material property is speciﬁed, the input data is strain
increment (De1, De2, 0), and the normal strain increment De3 is
calculated by Eq. (27) at the end of the stress updating subroutine.
As mentioned above, the shear failure model was used for
0.5 6 b 6 1 in the present work. If given the critical strain (e1, 0,
0), which was obtained by the experiment in the plane strain con-
ditions, the critical shear stress can be calculated by the general
program.
4.2. Predicted FLD using modiﬁed shear failure criterion
4.2.1. Steel HC220YD
4.2.1.1. Material properties. The material under consideration in
this subsection is the Steel HC220YD with 0.8 mm-thickness. The
material data as well as the FLD data were taken from Numi-
sheet’09 Volk et al. (2008). The Ghosh model is considered only
in this subsection and given by,Fig. 7. Predicted yield surfaces of the three alumðr0ðepÞÞG ¼ 753:0ð0:010þ epÞ0:1938  94:3 MPa: ð46Þ
According to Numisheet’09 Volk et al. (2008), this strain-hardening
model was obtained by ﬁtting a uniaxial tensile test.
The yield surface can be described by the Hill1948&r-value,
Hill1948&Y and Yld2000-2d yield functions, so the three yield
function was adopted. The material plastic properties of Steel
HC220YD are show in Table 1, and the coefﬁcients of Yld2000-2d
yield function are listed in Table 2 and m is equal to 6.
The yield surfaces of Steel HC220YD, predicted by three
yield functions, are plotted in Fig. 5. It can be seen from
Fig. 5(a)–(c), that the shear stress (r12) applied less inﬂuence
on the yield surfaces predicted by the Hill1948 yield function,
but had a greater effect on the Yld2000-2d yield function.
Meanwhile it can be seen that, for the same yield function,
the Hill1948 yield function but with a different parameter
identiﬁcation method, the differences of the yield loci are very
distinct. The yield surface predicted by the Yld2000-2d yield
function is in between the two yield loci predicted by the
Hill1948&r-value and Hill1948&Y yield functions, as compared
and drawn in Fig. 5(d).4.2.1.2. FLD prediction and discuss for steel. Assuming the critical
maximum principle strain is 0.30 in the conditions of plane strain,inum alloys (the outmost loci is r12/r0 = 0).
Fig. 8. Experimental and theoretical FLDs obtained using Yld2000-2d yield functions and two isotropic hardening models. (a) AA5182, (b) AA6016-T4 and (c) AA6111-T4.
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Fig. 6, by using the calculating program combining the two yield
functions along with experimental data of Numisheet’09 Volk et
al. (2008).
This is surprising in so far as the right region of FLC predicted by
the Hill1948&r-value and Ghosh hardening model is consistent
with the experimental results. But the FLC predicted by the
Yld2000-2d yield function is less than the experimental results in
the right region of the FLC. And the FLC in the left region predicted
by the two yield function is considerably higher than in the exper-
imental results, and then the shear failure criterion is not suitable
to predict the FLC in the left region for steel material. The error be-
tween the experimental results and the calculated data obtained
by using the Yld2000-2d yield function will be studied in future
work.
4.2.2. Aluminum alloy 5182, 6016-T4, 6111-T4
4.2.2.1. Material properties. The mechanical behavior for the three
aluminum sheets material was determined by uniaxial tension
along different rolling directions and biaxial tension. For the alumi-
num alloys considered here, Young’s modulus and Poisson’s ratio
were assumed as E = 70 GPa and v = 0.33, respectively. The two
isotropic hardening modes will be discussed herein, and the
parameters of two isotropic hardening modes can be found in Ta-
ble 3.The Y and r-values of AA5182, AA6016-T4, and AA6111-T4, are
listed in Table 4 and the coefﬁcients of Yld2000-2d are listed in
Table 5. The power m of Yld2000-2d was set as 8. The predicted
yield surfaces of the three aluminum alloy sheets are plotted in
Fig. 7(a) and (b). The comparison of the two predicting yield sur-
faces is drawn in Fig. 7(c).
4.2.2.2. FLD prediction and discuss for aluminum alloy. Assuming the
critical plane strain is 0.210 and 0.167 and 0.185 for AA5182,
AA6016-T4, and AA6111-T4, respectively, the critical shear stress
can be calculated in the condition of plane deformation.
In the ﬁrst stage, the Yld2000-2d yield function and two hard-
ening model was used to calculate the FLD. The predicted and
experimental results were shown in Fig. 8(a)–(c) for AA5182,
AA6016-T4, and AA6111-T4, respectively. A brief discussion was
given with Fig. 8. The left area of the FLD predicted by the shear
failure criterion and Ghosh hardening model is rather precise, even
extending to b 6 0.05. But the right quadrant of the FLC is less than
the experimental value. When using the Yld2000-2d yield function
and Hockett–Sherby hardening model, the predicted results are
greater than the experimental results in both the negative and po-
sitive regions of the FLD.
As indicated in Fig. 8, the results show that the predicted FLC is
strongly dependent on the isotropic hardening models. That is to
say there is a great difference between FLCs predicted by the Ghosh
Fig. 9. True stress–true plastic strain curve for different hardening models. (a) AA5182, (b) AA6016-T4 and (c) AA6111-T4.
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the effect of the hardening model on the FLC, a mixed isotropic
hardening model was employed, which can be written as (Volk
et al., 2008).
ðr0ðepÞÞM ¼ kðr0ðepÞÞG þ ð1 kÞðr0ðepÞÞH; ð47Þ
where 0 6 k 6 1.
For AA5182, AA6016-T4, and AA6111-T4, the ultimate tension
strengths were 319.3 MPa (Volk et al., 2008), 232 MPa (Butuc
et al., 2003), and 305 MPa (Lee et al., 2009), respectively. Their ﬂow
stress curves with critical ﬂow stress and true equivalent plastic
strain (EPS) are shown in Fig. 9 under the conditions that mixed
hardening models were used with different magnitudes of k. It is
shown in Fig. 9 that if the true strain is lower than the critical ones,
the curve can be considered to be overlapped; when the EPS is
greater than the critical ones, the distance between the two stres-
ses is greater along with an increase of in the true equivalent plas-
tic strain.
As we know, the uniaxial tension experiment cannot obtain the
real true stress-true strain relation if the EPS is greater than the
critical one. Therefore, it is hard to obtain the accurate, true
stress-true strain relation through the isotropic hardening models.
Here this paper employs the mixed isotropic hardening models, as
written in Eq. (47). The FLDs calculated by the Yld2000-2d and
mixed isotropic hardening model were redrawn, as shown in
Fig. 10. This is more precise in the positive region of the FLD whenk < 0.05. It can be concluded that the shear failure criterion is suit-
able to predict the left region of FLD for aluminum alloy sheet.5. Conclusions
The maximum shear failure criterion, which seems to be a clas-
sical strength theory, was modiﬁed to calculate both right and left
regions of forming limit diagram in this study. Based on the mod-
iﬁed shear failure criterion, the following results can be given:
(1) For the steel sheet, the shear failure criterion can be used to
predict the right region of the FLD more precisely. Compar-
atively, the left region of the FLD for the aluminum alloy
sheet can be predicted more precisely by the modiﬁed
criterion.
(2) In addition, the effect of the mixed hardening models on the
FLD was discussed in this paper. It was found that the impact
of the hardening model on FLD prediction is dependent on
the accuracy of its description when the equivalent strain
is greater than ultimate tensile one.
(3) The application shows that the shear failure criterion can be
used to predict the forming limit of the sheet metal, and the
predicting accuracy of the FLD needs to be studied deeply.
All these results provide an alternative method to study
the numerical prediction of the forming limit.
Fig. 10. FLD predicted by Yld2000-2d and mixed hardening model.
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